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Abstract. In this paper, we construct holomorphic families of Riemann sur- 
faces from Veech groups and characterize their holomorphic sections by some 
points of corresponding flat surfaces. The construction gives us concrete solu- 
tions for some Diophantine equations over function fields. Moreover, we give 
upper bounds of the numbers of holomorphic sections of certain holomorphic 
families of Riemann surfaces. 



1. Introduction 

A holomorphic family (M, tt, B) of Riemami sm^faces of type {g, n) is a triple of 
a two-dimensional complex manifold M, a Riemann surface B and a holomorphic 
map TT : M B such that the fiber Xt = vr"i(t) is a Riemann surface of type 
((7,n) for each t ^ B and the complex structure of Xt depends holomorphically 
on the parameter t. Holomorphic families of Riemann surfaces are first studied 
in algebraic geometry as the Diophantine problems for function fields on compact 
Riemann surfaces. 

Let M{Bo) be the field of all meromorphic functions on a compact Riemann 
surface Bq . We take a three- variable irreducible homogeneous polynomial / whose 
coeflScients are in M{Bo). The Diophantine problem is to find all solutions [X -.Y : 
Z] G p2(M(Bo)) of the Diophantine equation f{X,Y,Z) = 0. It is known that a 
Diophantine equation defines holomorphic family of Riemann surfaces and all the 
solutions of a Diophantine equation correspond to all the holomorphic sections of 
the corresponding holomorphic family of Riemann surfaces. By using Teichmiiller 
theory, Imayoshi and Shiga [IS88j proved that the number of holomorphic sections 
of a locally non-trivial holomorphic family of Riemann surfaces is finite. And Shiga 
[Shi97j estimated the number of holomorphic families of Riemann surfaces of certain 
types. In this paper, we consider holomorphic families of Riemann surfaces obtained 
by Veech groups. 

Let X be a Riemann surface of type [g, n). The Veech group T(X, u) is the group 
of all elements in PSL(2,R) which induce affine homeomorphisms on a flat surface 
{X, u). A Veech group induces a Teichmiiller disk which is a holomorphic isometric 
embedding of a hyperbolic plane H into the Teichmiiller space of the Riemann 
surface {X,u). Veech |Vee89j proved that the mirror Veech group T{X,u) is a 
representation of the action of mapping class group into the Teichmiiller disk defined 
by {X, u). And the action is regarded as the action of Fuchsian group f (A, u) into 
H. Hence, M/T{X,u) is holomorphically embedded into the moduli space M{g,n). 
In this paper, we construct holomorphic families of Riemann surfaces from such 
embeddings and observe their properties. We call such holomorphic families of 
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Riemann surfaces Veech holomorphic families of Riemann surfaces. Especially, we 
study their holomorphic sections. 

The paper is organized as follows. In section [21 we define fundamental objects 
that we use in this paper, and observe their properties. In section[3l we define Veech 
groups and show that orbifolds induced by Veech groups are embedded holomor- 
phically and locally isometrically into moduli spaces. Moreover, a relation between 
geodesic flows on a flat surface and the Veech group is explained in this section. 
A construction of Veech holomorphic families of Riemann surfaces is discussed in 
section 21 Also, representations and monodromies of Veech holomorphic families 
of Riemann surfaces are observed in this section. Section [31 characterizes holomor- 
phic sections of Veech holomorphic families of Riemann surfaces by some points of 
corresponding flat surfaces. Also, by applying this characterization, we find all the 
holomorphic sections of certain Veech holomorphic families of Riemann surfaces. In 
section [51 we construct examples of Diophantine equations from some Veech holo- 
morphic families of Riemann surfaces. All solutions of the Diophantine equations 
are given by using the characterization of holomorphic sections. Section [71 gives an 
upper bound of the number of holomorphic sections for certain Veech holomorphic 
families of Riemann surfaces. The upper bound depends only on topological quan- 
tities of the base Riemann surface B and fiber Riemann surfaces Xt = 7r^^(t) of 
holomorphic families of Riemann surfaces {AI,tt,B). To obtain the upper bound, 
we show a certain property of Fuchsian groups (Theorem 17. 13p . which may have its 
own interest. 

2. Preliminaries 

In this section, we see some properties of Teichmiiller spaces, Kobayashi pseudo- 
metrics, Teichmiiller modular groups, Bers fiber spaces and Fuchsian groups. 
Let X be a Riemann surface of type {g, n) with 3g — 3 + n > 0. 

2.1. Teichmiiller spaces. Let us consider all pairs {Y, f) of Riemann surfaces Y 
of type {g, n) and quasiconformal maps / from X onto Y . Two such pairs (Yi, /i) 
and (F2, f^) are said to be equivalent if there exists a conformal map h -.Yi ^ Y2 
which is homotopic to f2° fi^- This equivalence relation is called the Teichmiiller 
equivalence. 

Definition 2.1 (Teichmiiller space). The Teichmiiller space T{X) of X is the set 
of all equivalence classes of such pairs. We denote by [Y, f] the equivalence class of 
a pair (Y, /). The point [X, id : X X] is called the base point of T{X). 

For any two points [Yi, /i], /2] G T{X), we set 

dT([>l,/i],[r2,/2]) =inflogi^(/i). 

h 

Here, the infimum is taken over all quasiconformal maps h : Yi ^ Y2 which are 
homotopic to /2 o f^^ and K{h) is the dilatation of h. That is, let jjih = dh/dh 
be the Beltrami coefficient of h. By the definition of quasiconformal maps, the 
essential supremum norm ||/i/i||c>o of h is less than 1. The dilatation K{h) of h is 
defined by K{h) = j^jjf^J^- Then dr becomes a metric on T{X). 

Definition 2.2 (Teichmiiller metric). The metric dx is called the Teichmiiller 
metric. 

We consider geodesies of T{X) with respect to the Teichmiiller metric dr- 
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Definition 2.3 (Holomorphic quadratic differential). A holomorphic quadratic dif- 
ferential q on X is a tensor whose restriction to every coordinate neighborhood {U, z) 
is the form fdz'^, here / is a holomorphic function on U. 

We define \q\ to be the differential 2-form on X whose restriction to every coordi- 
nate neighborhood {U,z) has the form \ f\dxdy if q equals fdz^ in U. We say q is 
integrable if its norm 




is finite. Let X be the compact Riemann surface of genus g obtained by filling all 
punctures of X. We construct a function ord : X ^ 'Z. If z S X is a zero of q of 
order n, we set ord(z) = n. If z S X is a pole of q of order n, we set ord(z) — —n. 
And, we set ord(z) = if z G A is not a zero or pole of q. 

Remark. Note that q is integrable if and only if ord(z) > —1 for all z e A. And, 
if q 7^ 0, then by the Riemann-Roch theorem, we have 

ord(z) =45-4. 

Definition 2.4 (Teichmiiller map). A quasiconformal map / : A -> F is said to 
be a Teichmiiller map if its Beltrami coefficient is the form 

for some integrable holomorphic quadratic differential g on A and k [Q < k <1). 

The next two theorems claim that there is an unique Teichmiiller map from A 
to Y realizing the distance between the base point [A, id] and each point [F, /] . 

Theorem 2.5 (Teichmiiller's uniqueness theorem). Let Jq : X ^ Y he a Te- 
ichmiiller map and iif^ ~ ^'Y' some integrable holomorphic quadratic differen- 
tial q on X and fc (0 < fc < 1). Then, for every quasiconformal map f : X ^ Y 
which is homotopic to fo, the inequality 

IIm/IIoo > IIm/oIIoo = k 

holds. Where, fif is the Beltrami coefficient of f . The equality holds if and only if 

Theorem 2.6 (Teichmiiller's existence theorem). Let f : X ^ Y be a quasicon- 
formal map. There exists a Teichmiiller map /o : A — > F which is homotopic to 
/■ 

Therefore, we conclude that the Teichmiiller distance between the base point 
[A, id] and each point [Y, f] is 

dT([A, td], [Y, /]) = logi^(/o) = log i±| 
if the Beltrami coefficient fj,f„ of the unique Teichmiiller map /o : A — > 1" which 
is homotopic to / is the form fc — . For each geodesic ray r : [0, oo) — > T{X) with 
r(0) = [X,id], there exists an unique holomorphic quadratic differential g on A 
such that r{t) = [Yt, ft] if we set : A' — to be the Teichmiiller map with the 
Beltrami coefficient iJ-ft — fq^^"^- Therefore, cZt is a complete metric. Since the 
complex dimension of the Banach space of all holomorphic quadratic differentials 
on A is 3f/ — 3 -I- n, T{X) is homeomorphic to C'^^^'^'^" and hence, T{X) is proper. 
For the proof of them, see |IT92j . 
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The Teichmiiller space T{X) of X has a complex structure induced by the Bers 
embedding which is an embedding of T{X) into a certain Banach space of holo- 
morphic quadratic differentials on X. The Teichmiiller space is embedded into the 
Banach space as a bounded domain. See |IT92| . 

2.2. Kobayashi pseudo-metrics. On a complex manifold, we can define a pseudo- 
metric which is call the Kobayashi pseudo- metric ((KobOS]). Let M be a con- 
nected complex manifold. Given two points z, w S M, we choose points z — 
zq, zi, - ■ ■ , Zk-1, Zk — w oi M , points ai, 5i, • • • ,ak,bk of a unit disk D, and holo- 
morphic maps /i,--- ,fk from D to AI with fi{ai) = Zi_i and fi{bi) ~ Zi for 
i = 1, • • • , fc. For each choice of points and maps as above, we consider the number 

dn{axM) H h (iD(afc, &fe), 

where do is the hyperbolic metric on D. Let dfy[{z, w) be the infimum of the numbers 
obtained as above. It is easy to see that df.j : AIxM — > R is continuous and satisfies 
the axioms of pseudo-metric: 

df.j{z, w) > 0, d^j{z, w) = df,j{w, z) and d^j{z, r) + dfj{r, w) > d^j{z, w). 

Definition 2.7 (Kobayashi metric, Kobayashi hyperbolic manifold). The pseudo- 
metric on M is called the Kobayashi pseudo-metric of AI. If d^j satisfies the 
axioms of metric, we call the Kobayashi metric of AI, and AI a Kobayashi 
hyperbolic manifold. If a complex manifold M is a Kobayashi hyperbolic manifold 
and the Kobayashi metric dfj is proper, we call AI a proper Kobayashi hyperbolic 
manifold. 

By definition, Kobayashi pseudo-metric has a distance decreasing property. That 
is, for complex manifolds AI , N and a holomorphic map / : M — > TV, we have 

d^iz,w)>d§{f{z),f{w)) 

for all z,w G Ad. 

Royden |Roy71| prove the following theorem. 

Theorem 2.8. On the Teichmiiller space T{X) of X , the Kobayashi pseudo-metric 
'^T(x) coincides with the Teichmiiller metric dr- 

This implies that T{X) is a proper Kobayashi hyperbolic manifold. 

Remark. If M is a hyperbolic Riemann surface, df.j coincides with the complete 
hyperbolic metric which is compatible with its complex structure. 

Proposition 2.9 ( IKobOSj '). Let AI be a complex manifold and it : AI AI he a 
covering map. Choose any two points z,w G AI and fix z G 7r^^(z). Then 

dfiiz^w) = inf d|:(z,w). 

Proof. Since vr is holomorphic, we have 




Assume that there exists e > such that 

d%i(z,w)+e< _ inf df (i,w). 

By the definition of Kobayashi pseudo-metric, there exist ai, &i, • • • , a^, 6^ G B and 
holomorphic maps /i , ■ ■ • , fk such that 
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z = /(ai), = f{a.t+i) (i = 1, • • • , fc - 1), fk{ak) = w 

and 

k 

dfj{z,w) + e > '^dn(ai,hi). 

1=1 

We lift /i, • • • ,fkio holomorphic maps /i, • • • : Ik from D to M such that z — /i(ai) 
and f{bi) — /(oi+i) (i = 1, • • • , fe — 1). If we set w = fk{bk), then 7r(zi)) = and 

k 

d~{z,w) < ^dB{a^,b,). 

1=1 

Hence, d~{z,w) < df,j{z,w) + e. This contradicts the assumption. □ 

2.3. Teichmiiller modular groups. Let Mod{X) be the group of all homotopy 
classes of quasiconformal self-maps of X. We denote by [h] the equivalence class of 
a quasiconformal self-map h oi X. 

Definition 2.10. The group Mod(X) is called the the Teichmiiller modular group 
of X. 

The Teichmiiller modular group Mod{X) acts on T{X) as follows. For each 
[h] e Mod(X), a map [h]^ : T{X) T{X) is defined by 

for all [y, /] e T{X). Clearly, this action is isometric with respect to the Teichmiiller 
metric dr- Moreover, it is known that [/i]* is a holomorphic self- map of T{X) and 
the action of Mod(X) is properly discontinuous. See |IT92| . Also, the quotient 
space T{X)/yiod{X) coincides with the moduli space M{g, n) of Riemann surfaces 
of type {g,n). 

2.4. Bers fiber spaces. Let p : H — > X be the universal covering map with the 
covering transformation group G. Let / : X — >■ K be a quasiconformal map with 
Beltrami coefficient ^j. We define the Beltrami coefficient /// on C which is the 
lift oi on H and equals on C — H. Let w^f : C — > C be the unique jif- 
quasiconformal map which fixes 0, 1, oo. Then two domains w^^i (H) and w^^'^ (H) 
are equal if two quasiconformal maps /i : X — > Yi and /2 : X — > are Teichmiiller 
equivalent. We denote by H* the domain w^/(H) for t = [Y, /] e T{X). Then 

F{G) = {it, z):te T{X), z e H*} 
is called the Bers fiber space over T{X). We induce the complex structure on F{G) 
as a submanifold of T{X) x (C — {0, 1}). Bers prove the following. 

Theorem 2.11 (|B er73j ). Let us fix a point a ^ X and set X = X — {a}. The 

Bers fiber space F{G) is biholomorphic to T{X). 

2.5. Holomorpiiic families of Riemann surfaces. 

Definition 2.12 (Holomorphic family of Riemann surfaces). Let M be a two- 
dimensional complex manifold and A be a one-dimensional analytic subset of M or 
empty. Let i? be a Riemann surface. Assume that there exists a proper holomorphic 
map TT : AI B satisfying the following two conditions. 
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(1) By setting AI — M — A and tt = ttIm, the holomorphic map tt is of maximal 
rank at every point of M . 

(2) The fiber Xt = 7r^^(t) over each i e -B is a Riemann surface of fixed finite 
type {g,n). 

We call such triple (M, tt, B) a holomorphic family of Riemann surfaces of type 
(g, n) over B. We assume that 3g — 3 + n > 0. 

Let {M,TT,B) be a holomorphic family of Riemann surfaces of type {g,n). Let 
M(g,n) be the moduli space of Riemann surfaces of type {g,n). Then we have 
a holomorphic map (p : B 3 t i-^ Xt = TT^^{t) £ M{g,n). Let p : IHI — > _B be 
the universal covering map with the covering transformation group F < PSL(2, M). 
We fix io € B and set X = n-'^{to). Since M{g,n) = T{X)/Mod{X), we have 
a lift $ : H ^ T{X) of The holomorphic map induces a homomorphism 
X : F Mod(X) such that $ o ^ = x(^) ° ^ for every A € F. 

Definition 2.13 (Representation and monodromy). We call the holomorphic map 
$ a representation of (M,tt,B) into T(X) and the homomorphism x the mon- 
odromy with respect to $. 

Definition 2.14 (Locally triviality and locally non-triviality). A holomorphic 
family of Riemann surfaces {M, tt, B) is called locally trivial if the induced map 
(j> : B M{g,n) is constant. And, (M, tt, _B) is called locally non-trivial if the 
induced map (p : B ^ AI{g,n) is non-constant. 

2.6. Ford region and Shimizu's lemma. Let F C PSL(2,M) be a Fuchsian 
group of type (j),k : vi, ■ ■ ■ , Vk) {vi € {2, 3, • • • , oo}). That is, H/F has genus p and 
cone points whose orders are z^i, • • ■ jVk- Now, a cone point of order oo means a 
puncture of H/F. 

Definition 2.15 (Fundamental domains). A domain D in H is called a fundamental 
domain for F if it satisfies the followings: 

(1) For dllAeT {A^ id), A{D) n D = (j), and 

(2) For all z G H, there exists ^ e F such that A{z) g c\{D). 
Here, cl{D) is the closure of D. 



is called the Ford region of F. 

Proposition 2.17. The Ford region D is a fundamental domain for F. 
For a proof of proposition I2.17[ see [For25j . 

Remark. It is clear that the hyperbolic area of M/F induced by the universal 
covering map H — t- H/F equals to that of the Ford region D in H. And it is known 
that the Ford region D becomes a finite sided geodesic polygon in H. 




and it is not a power of other elements of 



Definition 2.16 (Ford regions). The region 
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Lemma 2.18 (Shimizu's lemma). For all ^ ^ ^ G Tq, the inequality \c\ > 1 
holds. 

For a proof, see [lT92] . 

3. Flat surface and Veech groups 

In this section, we define Veech groups and see some apphcations of Veech groups. 
Let X be a Riemann surface of type (g, n) and C be a set of aU punctures of X 
and finitely many points of X. 

Definition 3.1 (Flat structure and flat surface). A flat structure u on X with 
critical points on C is an atlas of X' = X—C which satisfies the following conditions. 

(1) Local coordinates of u are compatible with the orientation on X induced 
by its complex structure. 

(2) For coordinate neighborhoods ([/, z) and (V, w) of u with U O V ^ (p, the 
transition function is the form 

w = ±z + c 

in z{U n V) for some c G C. 

(3) The atlas u is maximal with respect to (1) and (2). 

A pair {X, u) of a Riemann surface X and a flat structure u with critical points 
on C is called a flat surface with critical points on C. Each point in C is called 
a critical point of {X, u). In this paper, we assume that the area Area(X, u) of X 
with respect to u is finite. 

We construct a flat structure Uq on X which is compatible with the complex 
structure of X from a holomorphic quadratic differential q on X. We set C to be 
the set of all punctures of X and all zeros of q. For each po E X' = X — C , we can 
choose an open neighborhood U such that 

z{p) = f Vq 

•'Po 

is well-defined and an injective function in U. This function is holomorphic in U 
since g is a holomorphic quadratic differential on X. If (U,z) and {V,w) are pairs 
of such neighborhoods and functions with U OV ^ (p, then we have dw"^ = 9 = dz'^ 
in U nV. Hence, w — ±z + c in z{U n V) for some c G C. The flat structure Uq 
is the maximal flat structure which contains such pairs. The set C is the critical 
point set of Uq. And the area Area(X, Uq) equals to the norm ||g|| of q. Conversely, 
ifu = {{U\,z\)} is a flat structure on X which is compatible with the complex 
structure of X and the critical point set of u is C, then q = {dz^} is a meromorphic 
quadratic differential on X with ||g|| = Aiea{X,u). All zeros and poles of q are 
contained in C. If p G C is a zero of q with odr(p) = n, then the angle around p 
with respect to u is (n + 2)7r. And the angle around a single pole of q with respect 

to U is TT. 

Fix an integrable holomorphic quadratic differential g on A". Let u — Uq — 
{{U\, z\)} be the flat structure induced by q and C be the critical point set of u. 
For each A G SL(2,]R), we denote by Ta the linear map on C = corresponding 
to A. Then ua — {{U\, Ta o ^a)} is also a flat structure on X with critical points on 
C . Note that (X, ua) is not conformal equivalent to the original Riemann surface 
X in general. We obtain a map i : SL(2, K) — >• T{X) such that b{A) — [{X, UA),id : 
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X — > (X,ua)]- Here, we consider ua as a new complex structure on X. By the 
following lemma, t induces a map l : S0(2) \ SL(2,R) — > T{X). 

Lemma 3.2. l{A) = t{B) if BA-^ e S0(2). 

Proof. Let A,B e SL(2,R) with BA-^ e S0(2). For each {U,z) G u, [Tb o z) o 
{Taoz)~^ = TboTa-^ = Tba-^ is a conformal map. Hence, id : (X, u^) — > {X,ub) 
is a conformal map. □ 

The identification of S0(2) \ SL(2,M) with H by the bijcctive map 
S0(2) \ SL(2,R) 9 S0(2) • A ^ -A-^{i) e H 
induces a map i : H — > T{X). Here, A^^{-) is a Mobius transformation. It is known 
that this map i is a holomorphic isometric embedding from a hyperbolic plane EI 
into the Teichmiiller space T{X) with the Teichmiiller distance. (See |HS07j .) And 
i satisfies — [X,id]. Moreover, it is easy to verify that the Beltrami coefficient 
of the Teichmiiller map from to t(t) is f^-y-- Conversely, we have the following. 

Proposition 3.3. Every holomorphic isometric embedding t : H — > T{X) with 
= [X, id] is constructed from some flat structure as above. 

Proof. Let /, : H — >■ T{X) be a holomorphic isometric embedding. Then the geodesic 
ray r{t) = it (t> 1) in H maps to a geodesic ray in T{X). 

By theorem l2.5l and theorem l2.61 there exists a holomorphic quadratic differential 
q 0X1 X such that the Teichmiiller map form [X, id\ to i o r{t) has the Beltrami 
coefficient jTpf ^ for alH > 1. Note that these Teichmiiller maps are deformations 

by ^ ^ ^ of the flat structure Uq defined by q. Let : H — > T{X) be the 

holomorphic isometric embedding constructed from Uq. Since L{it) = iq{it) for all 
t>l, we conclude that l — iq. □ 

Definition 3.4 (Teichmiiller disk). We call the image of a holomorphic isometric 
embedding of H into T{g, n) a Teichmiiller disk. 

Let {X, u) be a flat surface with critical points on C. Let i : H — T{X) be a 
holomorphic isometric embedding constructed from {X,u). We consider the image 
of the Teichmiiller disk A = into the moduli space M{g, n) and hence, the 
subgroup Stab(A) of Mod{X) which consists of all elements of Mod(X) which fixing 
A. For this, we define the affine group Aff~''(X, u) of {X, u). 

Definition 3.5 (Affine group of {X,u)). The affine group AS^{X,u) of the fiat 
surface {X, u) is the group of all quasiconformal maps h oi X onto itself which 
satisfy h{C) = C and are affine with respect to the fiat structure u. This means 
that for (t/, z), {V,w) € u with h{U) C V , the homeomorphism w o ho z~^ is the 
form z M- Az + c for some A e GL(2, R) and c e C. Each element in AS^{X, u) is 
called an affine homeomorphism on {X,u). 

For each h e Aff^(A", u), the derivative A e GL(2, R) of the affine map wohoz~^ 
is uniquely determined up to the sign since w is a flat structure. And A is always in 
SL(2,M) since Aiea{X,u) = \q\ = h*{\q\) = det{A) ■ Area(X,M). Here, g is a 
holomorphic quadratic differential corresponding to {X,u). Thus, we have a group 
homomorphism 

D : AS+{X,u) PSL(2,R). 
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We call this liomomorphism the derivative map. 

Definition 3.6 (Veech group of iX,u)). We cah T{X,u) = D{AS+{X,u)) the 
Veech group of {X, u) . 

Veech [\^e89j prove the following. 

Proposition 3.7. All homomorphisms of AS^{X,u) are not homotopic to each 
other. Therefore, AS^{X,u) is regarded as a subgroup of Mod{X). 

By setting L{t) — [Xt, id] for each t G M, we have the following theorem. 

Theorem 3.8 ( |Vee89] . [EG97| . jHSOTj l. The groupStah{A) coincides with AS^ {X , u) . 
For any h G Aff+(X, u) and [Xt,id] € A, 

h4Xt,id] = [Xt,h-^] = 

Here, A — D{h), i? = ^ 7/ 'j* ^ , and A — RAR^^ acts on W as a Mobius trans- 
formation. 

Corollary 3.9 f |Vee89l . jEG97) . [HS07]). The Veech groups r{X,u) is a Fuch- 
sian group and we have the following commutative diagram. Here, T{X,u) — 
RT(X,u)R-^. 

H ^ A c T{X) 



/Stab(A) 



/Mod(X) 



mif{X,u) A/Stab(A) C ^ M{g,n) 

We construct holomorphic families of Riemann surfaces from such holomorphic 
embeddings M/f{X,u) M{g,n). 

Next, we see an application of Veech groups for a dynamical behavior of the 
geodesic flows on flat surfaces {X,u). We assume that the conformal structure 
defined by u is compatible with that of X. Let C be the critical point set of {X, u). 
Since the transition functions of {X, u) are the from z h^. ±z + c, geodesies on {X, u) 
and directions of geodesies of {X, u) are well-defined. That is, a geodesic Z : M — X 
on {X, u) is a curve in X' — X ~ C such that for all i € M, sufficiently small e > 0, 
and ([/, z) G u with l{(t — e, t + e)) C U, zo Z|(t_£ j+jj is an Euclidean line segment. 
The direction 0{l) € [0,7r) of a geodesic I is the direction of z o Z|((_g on C. A 
saddle connection is a path on X which connects two points in C and is locally an 
Euclidean line segment with respect to u. 

Definition 3.10 (Jenkins-Strebel direction). A number 9 € [0,7r) is called a 
Jenkins-Strebel direction of {X, u) if all points in X lie on ^-direction closed geodesies 
or 0-direction saddle connections of {X, u) . 

If 6* is a Jenkins-Strebel direction of {X, u), the fiat surface {X, u) is decomposed 
into finitely many Euclidean cylinders by cutting along the ^-direction saddle con- 
nections. 

Definition 3.11 (Simple Jenkins-Strebel direction). If Jenkins-Strebel direction 9 
decomposes {X, u) into only one cylinder, we call the direction 9 a simple Jenkins- 
Strebel direction of {X,u). 
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Definition 3.12. For an Euclidean cylinder R whose length of circumference is b 
and height is a, the ratio | is called the modulus of R and denote it by mod(i?). 

Veech |Vee89) proved the following theorem which is called the Veech dichotomy 
theorem. For the definition of the ergodicity, see |KH96| . 

Theorem 3.13. Let {X, u) be a flat surface. Suppose that the Veech group T{X, u) 
is a lattice in PSL(2,M), that is, M/T{X^u) has finite hyperbolic area. Then for 
each direction 6, one of the following two possibilities occurs: 

• The direction 9 is a Jenkins-Strebel direction. Moreover, if 9 decomposes 
X into k cylinders ,Rk, the ratio mod(i?i)/mod(i?j) is a rational 
number for each i,j G {1, • • • , k}. 

• Every 9-direction geodesic is dense in X . And the 9-direction geodesic flow 
is uniquely ergodic. 

Finally, we see two examples of Veech groups. 



Example 3.14 ([ShiTT]). Let X be a surface constructed as figured] We induce 
an unique conformal structure on X such that the quadratic differential dz^ on the 
interior of the rectangle of figure [T] extends to a holomorphic quadratic differential 
q on X. Then X is a Riemann surface of type (2,0) and vertices of four squares 
become two points in X. These points are zeros of q of order 2. Let u — Uq he 
the flat structure defined by q. Then 6* = and ^ are Jenkins-Strebel directions 
of {X,u). The direction 9 = ^ decomposes {X,u) into two cylinders. And the 
direction 9 — Q decomposes (X, u) into only one cylinder. Therefore, 6* = is a 
simple Jenkins-Strebel direction. The two Jenkis-Strebel directions 0, ^ of (X, u) 
imply that J and (^]^ ° ^ define elements in Aff^ (X, u) as figure [5] Hence, 

r = ((j i),(2 ?) ) is a subgroup of r(X,u). 

Since every element in Aff^(A", u) must preserve the set of all critical points, 
T{X,u) is a subgroup of PSL(2,Z). It is known that (^l i ) , ( 2 1 ) ) 
the congruence subgroup of level 2 and has index 6 in PSL(2,Z). Hence, T{X,u 



is cither F or PSL(2,Z). However, 



^ J 'j* ^ cannot be an element in T{X,u). 

Therefore V{X,u) must be F. It is easy to see that M/T{X,u) is an orbifold of 
genus has 2 punctures and 1 cone point of order 2. Thus, V{X,u) is a lattice in 
PSL(2,R) and the fiat surface {X,u) satisfies the Veech dichotomy. 







Figure 1. The fiat surface {X,u) 



Example 3.15 ( jEG97] ). Fix n > 2 and let H„ be a regular 4?T,-gon. We assume 
that Hn has two horizontal sides, lengths of the sides are 1. We identify each side 
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Figure 2 . Actions of two matrices onto X 



of n„ with the opposite parallel side by an Euclidean translation (see figure [3|) 
and denote the resulting surface by P„. We induce an unique conformal structure 
on Pn such that the quadratic differential dz^ on the interior of n„ extends to 
a holomorphic quadratic differential (j„ on P„. Then P„ is a Riemann surface of 
type (§,0). And, the vertices of n„ become an unique zero of g„ of order 4n — 4. 

Let Uq^ be the flat structure defined by g„. Now, i?„ = ^ "^ilV/IZ 'dTJ/i^n ) ^^d 
= (^l 2cot^^/4n ^ jjj^iyce elements in Afr+(P„, The action of i?„ on P„ 
is the rotation about the center of n„ of angle To see the action of T„ on P„, 
we cut P„ along all horizontal saddle connections. Then P„ is decomposed into ^ 
cylinders and the action of r„ is the composition of the square of the right Dehn 
twist along a core curve of the cylinder which contains the center of n„ and the 
right Dehn twists along core curves of the other cylinders. Thus, F = ([P„], [Pn]) 
is a subgroup of the Veech group F(P„, It is easy to see that F is a triangle 

group of type (2n, oo,oo). Since only discrete group that contains F is a triangle 
group of type (2, 4n, oo) (see [EG97| and [Sin72| ) and this cannot be r(P„, u^^J, we 
have r(P„,u,„) = ([P„], [T„]). And, F(P„,u,„) is a lattice in PSL(2,R) and the 
flat surface (P„ , Uq^ ) satisfies the Veech dichotomy. 




Figure 3. The flat surface {Ps,Uq^) 
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4. Construction of Veech holomorphic families of Riemann surfaces 

In this section, we construct holomorphic famihes of Riemann surfaces from flat 
surfaces and the Veech groups. We call those holomorphic families Veech holo- 
morphic families of Riemann surfaces. And we observe representations and mon- 
odromies of Veech holomorphic families of Riemann surfaces. 

We assume that X is a Riemann surface of type (g, n) with — 3 + rt > 0. 
Let (X, u) be a flat surface with critical points on C and assume that this flat 
structure is compatible with the complex structure of X. Let q be the corresponding 
holomorphic quadratic differential on X. In section[3l we constructed a holomorphic 
isometric embedding i : H 3 i i-^ [Xt,id] G T{X) from {X,u). The Beltrami 
coefficient of the Teichmiiller map from = [X, id] to t(t) is fXt = j^^- Let 
p : H — > X be the universal covering map with the covering transformation group 
G < PSL(2,]R). For each t £ M, we denote by jit the Beltrami coefficient on C 
which is the lift of /it in H and equals to in C — H. Let w'^* : C — > C be an unique 
/it-quasiconformal map which fixes 0, l,oo. We set 

M = {{t,z) -.t eM, zewi^' (H)}. 

By identifying H with t(IElI), M is a two-dimensional complex manifold as a subman- 
ifold of the Bers fiber space F{G). The covering transformation group G acts on 
M holomorphically as a*(t,z) = (t,w^''a{w^"^)~'^{z)) for all a € G and {t, z) G M. 
Set M = M/G. Then we can write M as 

M = {(t,z) :ieH, zeXt^ftiX)}. 
Here, ft:X—>-Xt = ft(X) is the induced quasiconformal map of w^^* \m- Of course, 
Xt coincides with L{t) and /( is a Teichmiiller map with the Beltrami coefficient fit- 
Recall that AS+{X, u) is the group of all affine homeomorphisms from {X, u) 
onto itself which fixes C and the homomorphism D : AS'^{X,u) — ?► PSL(2,R) is 
the derivative map. The affine group AS^{X,u) acts on M holomorphically as 

h4t,z)^iA{t)JA^t)hift)-Hz)) 

for aU h e AS+{X,u) and {t,z) e M. Here, A = D{h), i? = °^ and 

A = RAR^^ acts on H as a Mobius transformation. We set N = M/Aff+(X, u) 
and B = M/r{X_,u). Let n' : N ^ B he the projection, H* be H with all eUiptic 
fixed points of f{X,u) are removed, B = H*/f(X,it), and TV* = {Tr')-^{B). It 
is easy to see that N is homeomorphic to the product space B x {X/Ker{D)). 
There exists a branched covering map M ^ N which corresponds to the branched 
covering map B x X B x (X/Ker(D)). Now, we obtain the holomorphic family 
{M,TT,B) of Riemann surfaces of type {g,n) over B. Here, tt : M — >• i? is the 
projection. 

Definition 4.1 (Veech holomorphic families). We call the holomorphic families 
of Riemann surfaces (M, tt, B) which are constructed as above Veech holomorphic 
families of Riemann surfaces of type {g, n) over B. 

Remark. The triple {N* , tt', B) is also a holomorphic family of Riemann surfaces. 
And, {M,TT,B) and {N*,tt',B) are locally non-trivial holomorphic families of Rie- 
mann surfaces. 

We observe a representation of a Veech holomorphic family (M, tt, B) of Riemann 
surfaces and the monodromy. First, we have the holomorphic isometric embedding 
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t : EI — > T{g,n). Let p : EI — > B and p : H — > B be the universal covering maps. 
Since H* is a covering space of B, there exists a covering map po : EE — > EE* which 
satisfies p = po p^. Then, the map $ = to pQ is a representation of (A/, tt, B). Since 
B = W/f{X,u), we can identify f{X,u) with 7ri(B)/7ri(EI*). And there exists a 
natural map T{X,u) — > T{X^u). The monodromy x • T^iiB) — > Aff^(X, m) of the 
representation $ is a lift of this natural map by the maps tti{B) — > 7ri(i?)/7ri(EE*) 
and D : AS+{X,u) r{X,u). 




- — >-T{X) 



ni{B) ^ AS+{X,u) 

D 

f{X, u) = 7ri(B)/7ri(H*) ^ T{X, u) 

5. HOLOMORPHIC SECTIONS OF VeECH HOLOMORPHIC FAMILIES OF RiEMANN 

SURFACES. 

In this section, we characterize holomorphic sections of holomorphic families of 
Riemann surfaces by certain points of a corresponding flat surface. We use the 
same notations as in section 21 

Definition 5.1 (Holomorphic sections). Let {M,tt,B) be a holomorphic family of 
Riemann surfaces. A holomorphic map s : B ^ M is called a holomorphic section 
of (M, TT, B) or a holomorphic section of vr if it satisfies tt o s = id. 

Let (M, TT, B) be a Veech holomorphic family of Riemann surfaces defined by a 
holomorphic quadratic differential q or the corresponding fiat surface (A", u). In 
sectional we define the action of Aff+(A', ?i) onto M. We set N ~ M/Ker(_D) and 
let TT : -> H be the projection. We denote each point of N by (i, w). Here, < S H 
is the image of the point by the map tt into EI and w is a point of the Riemann 
surface Tr~^{t) — Yt- That is, we denote N by 

N = {{t,w) -.tem, we Yt}. 

Note that if we set q' to be a holomorphic quadratic differential on y = X/Ker{D) 
induced by q, then there exists the Teichmiiller map gt '. Y ^ Yt whose Beltrami 
coefficient is for each i S H. 

l+t q' 

Let s : B —i' M he a, holomorphic section of {M,tt,B). We project this holo- 
morphic section to a holomorphic section s' : B N* of {N* ,7r' , B). Where, 
(N* ,Tr' , B) is a holomorphic family of Riemann surfaces constructed in sectional 
We lift s' to a holomorphic section s : EE* ^ A^* = 7r^^(EE*) C N of n]^,. 
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M 




H D H* ^ B 



Proposition 5.2. The complex manifold N is a proper Kobayashi hyperbolic man- 
ifold. 

Proof. Let N be the universal covering of N. First, we see that is a proper 
Kobayashi hyperbohc manifold. Recall that q' is the holomorphic quadratic dif- 
ferential on y = X/Ker{D) which is the projection of the holomorphic quadratic 
differential q on X. By setting i' : H — 7> T{Y) to be the holomorphic isometric 
embedding defined by q' . Then we can write N as 

N = {{t,w) : t e H, we H*} 

by identifying EI as l' (H) . And H* is defined in subsection 12.41 Therefore, N is 
a closed submanifold of the Bers fiber space F{G'). Here, G" is a Fuchsian group 
with Y ~ H/G". Since F{G') is proper Kobayashi hyperbolic manifold by theorem 
12.81 and theorem 12. Ill N is also a proper Kobayashi hyperbolic manifold. 

Next, we show that iV is a Kobayashi hyperbolic manifold. We suppose that 
(i2,W2)) = 0. Since tt is holomorphic, 

dnitiM) < wi), it2,W2)) - 0. 

Hence, we have ti — t2. We set t ~ ti = t2. Let p : N ^ IV he the universal 
covering map. Fix G p^^{{t,wi)). By theorem 12.91 we have 

= d%{{t,wi),{t,W2))= inf 4((t>i),(i>2)). 

Here, infimum is taken over all points in p'^((t,W2)). For all n > 2, there exist 
{i,Wn) such that d~ ((t, wi), (t, w„)) < i. Since N is holomorphically embedded 
in H X (C- {0, 1}), we have 

Since the relative topology of H* from d^_^f^ ^ is same as the topology defined by 
d^t and Wi S H*, we have d^t {wi, zi)„) as n — > oo. This implies that lin = Wn+i 
for sufficiently large n and, hence, w„ = Wi. Therefore, we have {ti,wi) = (<27 W2). 

Finally we prove that TV is a proper Kobayashi hyperbolic manifold. Let Ur{tQ, Wq) 
be the closed ball of center {to,Wo) G N and radius r in N. Take any sequence 
{(in, w„)}„eN in Ur{to,Wo). We fix (io,wo) G P'^{{to,WQ)).^By proposition HjH 
there exists (t„,w„) G p^^((t„, iy„)) such that d^ {{io,wo), {in,Wn)) < r for each 

n G N. Since N is proper, there exists a subsequence {(^n, , Wn, )} which converges 
to some point {too,Wao) G N. Then, 

d^ ((tn,, W„J,p(?oo,t«oo)) < d^ ({irn,Wni), [too, Woo)) ^0(1^ Oo). 
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Hence, TV is a proper Kobayashi hyperbolic manifold. □ 

By Droposition l5.21 we can extend s : H* — > N* to a holomorphic section s : H — > 
N of 7T. For holomorphic sections of tt, we have the following. Recall that q' is a 
holomorphic quadratic differential onY = X/Ker(Z?) induced by q and gt : Y Yt 
is the Teichmiiller map whose Beltrami coefficient is 

>^ l+t q' 

Theorem 5.3. Let s :M N be a holomorphic section of it. Set b = s{i). Then 

s{t)^{t,gt{b)) 

for all t e H. 

Proof. Set Y — Y—{b}. Let t' : H — > T{Y) be the holomorphic isometric embedding 
defined by q' . Let s : H — > iV be a lift of s to N. Since, N is embedded holomor- 
phically into the Bers fiber space F{G'), it is also embedded holomorphically into 
T{Y). Here, G' is a Fuchsian group with Y — H/G". The composition of this em- 
bedding with s is an injective holomorphic map k : H — >■ T(Y) with K{i) — [Y, id]. 
Let T : T{Y) T{Y) be the forgetful map, that is, r([/(r),/]) = [/(F),/] for aU 
[f{Y), f] G T{Y). Then we have the following commutative diagram: 

T{Y) 




T{Y) 

Since k, t is holomorphic and u is holomorphic isometric embedding, by theorem[! 
K : H — > T{Y) is also an isometry. By proposition 13. 3[ there exists a holomorphic 
quadratic differential g on F which defines k. Take some t e H (t 7^ z) then the 
equation r o K{t) = implies that = f^'^ ^ ■ This means that 

= for aU i € H. □ 

Now, we observe that N* is a quotient manifold of A^* by the action of the Veech 
group r(X, u). Let u' be the fiat structure onY = X/Ker(Z?) defined by q' . Since 
T{X,u) = Aff+(X,M)/Ker(i:>), the Veech group r(X, u) is considered as a subgroup 
of Aff^(y, m') and acts on Y. We denote by h'j^ each element A of r(X, it) if we 
consider A as an element of Aff^(F, it'). We extend the action of T[X^u) onto Y 
to an action onto N. For aU (t,w) e N and /i^ = A G r(X, 7i) < Aff+(y, u'), we 
set 

Recall that R= (^^^ and A = RAR^^ acts on H as a Mobius transformation. 

This action is induced by the action of Aff^(X, u) on M which we define in section 
m Then, it is clear that N* ^ N*/KeT{D). Now we have the following. 

Corollary 5.4. Let ip : X ^ Y be the branched covering map. For b £ Y and any 

point a £ ip^^(b), the following are equivalent. 

(1) The map Sf, ; H 9 t i— > {t,gt{b)) G N induces a section of n' : N* — > B, 

i2)rix,u){{b})^{b}, 

(3) AS+{X,u){{a})=Kcv{D){{a}). 
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Proof. (!) => (2). If Sb induces a section of tt', tlien (/i^)*(sb(<)) = Sb{A{t)) for all 
h'^= Ae r{X, u). This implies = b for all AeT{X,u). 

(2) ^ (1). If r{X,u){{b}) = {b} holds, then {h'^)4sb{t)) = Sb{A{t)) for aU 
h'j^ — A E r{X,u). Hence, we obtain (1). 

Clearly, (2) and (3) are equivalent since T{X, u) = Afr+(X, u)/KeT{D). □ 

Recall that p|h- :M* ^ B = M*/f{X,u) is a covering map and ft : X Xt is 
the Teichmiiller map with the Beltrami coefficient -y- for each < e H* . Fix any 
t e H*. We take an open neighborhood ?7 of t in H* such that p\jj : U ~ U 

is a conformal map. Then Tr~^{U) C M is biholomorphic to M{U) = {(^, 2^) : ^ G 
[/, z e C M. By identifying U with [/ and 7r"^(C/) with M(C/), we have the 
following. 

Corollary 5.5. Let s : B M be a holomorphic section of tt. Then there exists 
a E X with Aff^(X, u){{a}) = Ker(D)({a}) such that the induced holomorphic map 
s\^ : U M{U) satisfies 

s\Q{t)^{t,ft{a)) 

for all t eU. 

Fix r < r{X,u). Let p' : M* /T B he a covering map. Set Mr = {{t',z') : 
t' e m*/T,z' e Xp,i^t') = TT-^ip'it'))} and let -nr : Mr M* /T be the projection. 
Then the triple (Afr, ttf, ]HI*/r) is a holomorphic family of Riemann surfaces, Mr 
is a covering space of M, and irr is a lift of tt. By identifying V = (p')^^(C/) with 
U and TT^'^iV) with M(C/), we also have the following. 

Corollary 5.6. For a holomorphic section s : EI*/r — )• Mr, there exists to a point 
a E X with D~^{T){{a}) — Ker(D)({a}) such that the induced holomorphic map 
s\fj -.U ^ M{U) satisfies 

for all t' eU. 

Remark. Note that it is not true that all points a of X with AS^ {X,u){{a}) = 
Kcr(£')({a}) define holomorphic sections of tt : M — > S. See example 16.11 

Example 5.7. Let {X,u) be the flat surface as in example 13.141 Recall that 

{X, u) is a Riemann surface of type (2, 0) and T{X, u) = 

It is easy to see that Ker(Z)) = (a:zM-z + l,/3:2i-> ~z). The candidates of 
holomorphic sections of the corresponding Veech holomorphic family of Riemann 
surfaces are the points a with Aff^(X, u)({a}) = Ker(Z?)({a}). The candidates are 
(0,0), (i,0), (|,0), (0,1), (i,l), (|,1) infigurelB They are the Weierstrass points 
of X and the hyperelliptic involution of X is . 

Example 5.8. Let (AT, m) be the flat surface as in example 13.151 Then T{X,u) = 
(i?„,T„). It is easy to see that Ker(D) — {z^^ — z). Only the points of X which 
correspond to the center and the vertices of the corresponding polygon satisfy 
{X,u){{a}) = Ker(£')({a}). Hence, the two points are the candidates of the 
holomorphic sections of the corresponding Veech holomorphic family of Riemann 
surfaces. Since, one of them is the critical point of (X, u) and the other is not a 
critical point of (X, w), if we construct sections locally from the points and extend 
them globally, the permutation of these two points does not happen. Hence, the 
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two points define holomorphie seetions and they are all the holomorphic sections of 
the Veech holomorphic family of Riemann surfaces. 

6. DiOPHANTINE PROBLEMS 

In this section, we consider Diophantine problems on function fields. We asso- 
ciate the Diophantine problems with holomorphic families of Riemann surfaces and 
their holomorphic sections. At the end of this section, we construct some examples 
of Diophantine equations on function fields and give all solutions of them. 

Let Bq be a compact Riemann surface. Denote by M{Bq) the field of all mero- 
morphic functions on Bq. We take an irreducible homogeneous polynomial 

f{X, Y,Z)^ A,,jMX'y'Z'' {A^j,k e M{Bo)). 

i+j+k=N 

Problem (Diophantine problem) . Find all solutions of /(X, F, Z) = in p2(M(Bo))- 

We see a relation between Diophantine problems and holomorphic families of Rie- 
mann surfaces. We set 

/t(x,y,z)= A,j^k{t)x'y^z''. 

i+j+k=N 

Since / is irreducible, there exist ii, ■ ■ • ,tn £ Bq such that ft{x, y, z) e C[x, y, z] is 
irreducible for each t G B — Bq — {ti, ■ ■ ■ , t„}. Then, for each t G B, 

Xt = {[x:y:z]ePHC):Mx,y,z)^0} 

is an algebraic curve, that is, a compact Riemann surface. Set 

M = {(i, [x:y:z])eBx V^C) : Mx,y, z) = 0} 

and let TT : M B be the projection. Then the triple {M, tt, B) is a holomorphic 
family of Riemann surfaces. Next, if [X : Y : Z] £ P^(Af (i?o)) is a solution of 
f{X, y, Z) = 0, then 

f{x{t),Yit),z{t)) = Y A,,,At)x{tYYityzit)^ = 

i+j+k=N 

for all t e Bq. This means that [X{t) : Y{t) : Z{t)] e Xt for aU t € B. Hence, the 
map B 3 ti-^ {t, [X{t) : Y{t) : Z{t)]) e M is a holomorphic section of tt : M -)■ B. 
Conversely, if s : _B M is a holomorphic section, then s{t) = {t, [X{t) : Y{t) : 
Z{t)]) for some X,Y,Z e M{Bq) and [X : Y : Z] is & solution of /(X, F, Z) = 0. 
In conclusion, a Diophantine problem is to find all holomorphic sections of the 
corresponding holomorphic families of Riemann surfaces. 

Example 6.1. Let {X,u) be the flat surface as in example 13.141 Let {M,tt,B) 
be the Veech holomorphic family of Riemann surfaces defined by {X,u). Set S — 
^ Q J ^ and T = I ^ ) ' "^^^^ X is a Riemann surface of type (2,0), 
T{X,u) ~ (5, T), Ker(D) = (a:zi->z + l,^:zi-> — z), is the hyperelliptic 
involution of X, and the Weierstrass points of X are (0,0), (^,0), (|,0), (0,1), 
(i, 1) and (|, 1). We denote the set of all Weierstrass points of X by WP. Since 
M./r{X,u) is genus and has 2 punctures and one cone point of order 2, B — 

M*/T{X,u) is a 3-punctured sphere. RecaU that R = ° j and f{X,u) = 

RT(X,u)R-\ 
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We describe each fiber Xt ~ tt ^{t) {t e B) as an algebraic curve. By construc- 
tion, Xt = {X,Atou) for some At € SL(2,M). Let Ta^ : iX,u) {X,Atou) be the 
identity map. Note that Ta^ is an affine map whose derivative is At with respect 
to the charts of the flat structures. Set at — TAt o a o T^^, fit = Ta^ o /3 o T^^ 
and WPt — TAt{WP). Then Kt — (at,/3t) is a group of conformal automorphisms 
of Xt. The automorphism of is also the hyperelliptic involution of Xt and WPt 
is the set of all Weierstrass points of Xt. Then Rt = {Xt — WPt)/ (a^ ) is a Rie- 
mann surface of type (0,6) and has conformal automorphisms a't^l3[ induced by 
at, Pt- We may assume that 0, 1, cx) are punctures of , two critical points of Xt 
are mapped to 0,oo and another Weierstrass point is mapped to 1. Then a[ is a 
Mobius transformation of order 2 which fixes 0,cx) and P't is a Mobius transforma- 
tion of order 2 which permutes and oo. Therefore, a't{z) = —z and P't{z) = \tj z 
for some At G C — {0, ±1}. This implies that Rt = C — {0, ±1, ±Af} and 

Xt = {{x, y)eC^:y^= x{x^ - l){x^ - A?)}. 
Also, we can write Xt as 

Xt = {{x,y) eC^:y'^ x{x^ - l){x^ - 1/A?)}. 
Thus, we have the holomorphic map 

* : H/f (X, u)3t^ {Xl 1/A2} e (C - {0, 1}) / {z ^ l/z). 

By construction, Xt and Xf are not conformal equivalent for two distinct points 
t,t' G M/T{X,u). This implies that ^ is injective, and hence conformal map. The 
map 4){z) — ^{z + 1/ z) induces a conformal map from (C — {0, 1}) / {z ^ l/z) 
to C - {0, 1}. And, -1 e C - {0, 1} is a cone point of (C - {0, 1}) / {z ^ l/z). 
Hence, B = W /T{X, m) = C - {0, ±1}. Since the parameter t is in B and A?, 1/A^ 
are in C — {0,±1} = 4)~^{B) which is a double cover of B, if the parameter t 
moves on B along a closed curve around 1 or —1, then the descriptions of Xt 
as above appear reciprocally. (See figure HI) We change the base space B to 
0-1 (B) = C-{0,±1}. By calculation, it is easily proved that T = {S,T'^,TST-'^) is 
the subgroup oiT{X, u) which corresponds to the covering map (f) : C— {0, ±1} — B. 
Let (Mr, ttt, C — {0, ±1}) be the holomorphic family of Riemann surfaces induced 
by (M, vr, B) by replacing B to Br = W/RVR''^ = C - {0, ±1}. Then 

Mr = {{t,{x,y))eBrxf:y^^x{x^-l){x'-t)} 

= {{t,[X -.Y : Z]) e Br X F^{C) : Y^Z^ = X{X^ - Z^){X^ - tZ^)}. 

From corollary 15.61 all holomorphic sections of 7rr correspond to the points in X 
which satisfy D^^(r){{a}) = Ker(Z?)({a}). By computation, it is easy to see that 
such points are exactly the Weierstrass points. Hence, the candidates of holomor- 
phic sections are 

it,[X :Y :Z]) = (t, [0 : : 1]), (t, [1 : : 1]), (t, [-1 : : 1]), 

{t, [0:1: 0]), {t, [^/^ : : 1]), (i, [-Vt : : 1]). 

They are well-defined except for the last two. Thus, we conclude that all the 
holomorphic sections of nr are 

it, [X:Y:Z])^ {t, [0:0: 1]), [t, [1:0: 1]), {t, [-1:0: 1]), {t, [0:1: 0]) 
and all the solutions of the Diophantine equation f{X, Y, Z) — X{X^ — Z^){X^ — 
tZ^)-Y^Z^ in P2(M((C)) is 

[a: : y : Z] = [0 : : 1], [1 : : 1], [-1 : : 1], [0:1: 0]. 
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A? 




Figure 4. A closed curve with base point t and a lift of the curve 



Remark. We can extend {M-p, ttt, C— {0, ±1}) to a holomorphic family of Riemann 
surfaces over C — {0, 1}. On the other hand, i = 0,oo correspond to the Riemann 
surface with one node obtained by contracting a horizontal closed curve on (X,u). 
And t = 1 corresponds to a Riemann surface with two nodes obtained by contracting 
vertical closed curves on {X, u) which are the core curves of two vertical cylinders. 

Example 6.2. By the same argument as example 16.11 we obtain the following 
examples. Let us consider the flat surface (X^jUm) as in figure O for m > 2. If 
TO is even, has genus m and two critical points. And if to is odd, Xj^ has 
genus TO — 1 and four critical points. The Veech groups T(Xm,Um) are equal to 
T{X, u) — {S, T) as in example l6.1l Let (M,„, tt^, C — {0, ±1}) be the holomorphic 
families of Riemann surfaces constructed in the same way as example 16.11 Then 
(Mm, TTm, C — {0, ±1}) corrcspouds to a Diophantine equation 

fm{X., r, Z) = - - tZ") - r2^2m-l ^ 

And all solutions of ,fm{X, Y,Z)=0 are 

[X : y : Z] = [0 : : 1], [0 : 1 : 0], [exp(27rii//TO) : : 1] (j/ = 1, 2, • • • , m). 




Figure 5. The flat surface X, 



7. Upper bound of the number of the holomorphic sections 

In this section, we give an upper bound of the numbers of holomorphic sections 
of certain Veech holomorphic families of Riemann surfaces by topological quantities 
of B and the fiber Riemann surfaces. 

Let X be a Riemann surface of type ((7, n) and q be an integrable holomorphic 
quadratic differential on X. Denote by u the fiat structure on X induced by q. 
Let (M, TT, B) be the Veech holomorphic family of Riemann surfaces defined by 
{X,u). We assume that r(X, u) is a Fuchsian group of type {p,k : 1^1,- ■■ ,Vk) 
[vi e {2,3,- •• ,c«}). Then B = M* /T{X,u) is a Riemann surface of type {p,k). 
We prove the following theorem. 
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Theorem 7.1. // q has a simple Jenkins-Strebel direction, then the number of 
holomorphic sections of (M, tt, B) is at most 

327r(2p - 2 + fc)(3.g - 3 + n)2(3.g - 2 + n) - 2g + 2. 



From corollary 15.51 the number of holomorphic sections is at most the cardinal 
of the set 

S{X, u)^{aeX : AS+{X, u){{a}) = Ker(i:')({a})}. 

We estimate the cardinal of S(X,u). We may assume that = is a simple 
Jenkins-Strebel direction of q. Let C{X,u) be the set of all critical points on X. 
Let (fi : X —i' Y = X/Kei{D) be the branched covering map and B{X) be the 
set of all branch points of Lp. The Riemann surface Y — X/Ker(£)) has the flat 
structure u' induced by (X, u). We denote the set of all critical points of iY,u') 
by C{Y,u') and the holomorphic quadratic differential on Y which corresponds to 
{Y,u') by q'. Note that tp{C{X,u)) = C{Y,u') is not true. RecaU that the Veech 
group T{X,u) corresponds to a subgroup of the affine group Aff^(y,w') of (Y,u'). 
If we consider T[X,u) as a subgroup of Aff~''(Y, u'), we write A £ r{X,u) by ft.^. 
Clearly, (p{S{X,u)) = {b e Y : T{X,u){b} = {b}}. 

Since = is a simple Jenkins-Strebel direction, {X, u) is constructed from 
a rectangle whose vertical sides are glued by a translation and horizontal sides 
correspond to the union of all horizontal saddle connections of {X, u) . Let H^W > Q 
be the height and the width of the rectangle, respectively. Let R be the domain 
in X which corresponds to the interior of the rectangle. Then there exists a chart 
z : R ^ {Q,W) X (— -f-, -f-) in u. For every h e Ker(I?), there exists an open set 
U C R such that h{U) C R and zohoz~^ : z{U) -> z{h{U)) is the form z^ ±z + c 
for some c € M. The sign of the representation of h is uniquely determined and c is 
also uniquely determined up to ±.W . We identify h with the representation. Then 
the following lemma is obvious. 

Lemma 7.2. The group Ker(Z)) is one of the following form: 

{z ^ z + c) ,{z ^ —z -I- c) , (z I— > 2: -f c, z —z + d) . 

Let sgn : Ker(_D) — >■ {±1} be the homomorphism which maps h G Ker(_D) to 
the derivative oi z o ho z^^. Denote by ly the closed curve in X with z{R D ly) = 
{0,W) X {yjforye (-f ,f). 

Lemma 7.3. Every h e Ker(D) with sgn{h) = — 1 has two fixed points on Iq and 
= id. 

Proof. Since h fixes /q and reverse the orientation of Zoi h has two fixed points in 
Iq. This implies that z o o z~^ is a, translation with fixed points in ^o- Hence, we 
have — id. □ 



We set 



bf) = inf <^ 









[( 





•)] 




a 




[( 




5)1 



Co = mt 1 1 
To prove theorem 17.11 we show the following. 
Proposition 7.4. If sgn{Ker{D)) = {1}, then 

iS{X,u) < mod(X)cor^|i^ + 11 - 2g + 2. 
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And if sgn(Kei{D) = {±1}, then 

iS{X,u)<4modiX)co\'-^^ 



5I -2g + 2. 



Here, inod(X) = ^ and \x~\ is the smallest integer which is greater than or equals 
to X. 

By lemmas [7.21 and [7731 {Y,u') is also constructed from some rectangle R' whose 
vertical sides are glued by translation and horizontal sides correspond to the union 
of all horizontal saddle connections of {Y,u'). Denote by W and H' the width 
and height of R' , respectively. If sgn{KeT{D)) = {!}, we have W — ^j^^^^ and 
H' = H. If sgn{KeT{D)) ^ {±1}, we have W = and H' = f . Note that, if 

sgn{KeT{D)) = {±1}, the closed curve Iq in X projects to one of horizontal sides of 
R'. The horizontal side has two critical points which are poles of q' of order 1. We 
fix a vertical open interval / in R' which connects two horizontal sides of R' . Let l'^ 
be the horizontal closed geodesic in Y passing through w € I and L' be the union of 



all horizontal saddle connections of Y . We set h'. 



An 



Iq = {w ^ I : l'^ is pointwise fixed by /i^^}, and 



I )] &nx,u) 



Cross(A) = U n h'^iiD) u (L' n h'j,{L')) 



\weio 



for A 



( : ^ )] er(x,w) withc^o. 



Lemma 7.5. The sets Lp{C{X, u)), C{Y, u'), ip{B{X)) and ip{S{X, u)) are contained 
in Cross(A). 

Proof. Let Ha G AS+{X,u) such that = A. Since /ia(C(X,u)) = C(X,u), 

we have h'Jip{C{X,u))) ^ ip{C{X,u)). And h'^{C(Y,u')) = C{Y,u') because 
h'^ e Aff+(r,u')- Also, hA{B{X)) = B{X) implies that h'j^{ip{B{X)) = Lp{B{X))). 
As (f{C{X, u)), C(F, u') and (f{B{X)) are subsets of L' , they are contained in L' n 
h'j^{L'). Therefore, <p(C(A:,u)),C(y,w'):^(5(^)) C Cross(A). By the definition of 
S{X, u), it is clear that (p{S{X, u)) C Cross(A). □ 



Lemma 7.6. For all w ^ I, 

WLnh'Ail'J) = 



|^|c| isgn{KeviD))^{l}), 
^0^\c\ {sgniKeriD))={±l}). 



And, 



UL'nh'AiL')) = 



S^\c\-2g' + 2 isgn{Ker{D))^{l})., 

4mod(X) 
SKcr(D) 



25' + 2 {sgn{Kev{D)) = {±1}) . 
Here, g' is the genus ofY. 

Proof. We identify l'^, with the vector ''^ = ^0 )• Then hA{l'yj) is identified with 
Av — y The closed curve /ia(0 P^ss through l'^ whenever the height 
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moves H' . Therefore, 



i^|c| {sgn{Kev{D)) = {l}), 
'^^\c\ {sgn{Kev{D)) = {±l}). 



For each p' G C(F, u'), let arg(p') be the angle around p' . Then arg(p') = mr for 
some n G N and p' appears n times on the horizontal sides of the rectangle R' . 
Hence, 

m'^h'^im = \[2-W'c/H'- Yl ^^]+mY,u') 

V p'eC{Y,u') 

arg(p') 



= W'c/H'-l Yl 

p'eC{Y,u') 

= W'c/H'-\ 

p'ec(y,«') 

i^|c| -2g' + 2 (.gn(KcrP)) = {1}) , 
^-^^\c\-2g' + 2 {sgn{Ker{D)) = {±l}). 
Recall that ord(w) is the order of w with respect to g''. □ 
Lemma 7.7. 

r^?SS^l (.s.9n(Kcr(Z?)) = {l}), 



tt-ro< 



rSS^ + sl-l (s5n(Ker(D)) = {±l}). 



Proof. On the rectangle i?', we can represent /i^^ as the following form: 

for some < ^ < 1. If the representation holds by minus, jj/o = 1. If it holds by 
plus and sgn{Kev{D)) = {1}, by computation, we have 

If it holds by plus and sgn{Kei{D)) = {±1}, /i^^ maps each horizontal sides of R' 
to itself. And one of the sides is the image of the horizontal closed geodesic and 
it has exactly two points of (p{B{X)). Moreover, the length of horizontal saddle 
connection on Y which connects the two points is Hence, ^ = or i. By 
computation, we have 

ur ^ r bollKer(D) 1 -, 



4mod(X) ^ 2 

□ 
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Proof of proposition \7.4\ By lemma 17.61 and lemma 17.71 we have 

W^\^\ {I'S^ + l])-2g' + 2 [sgniKerm = {1}) , 



ttCross(A) < 
By lemma [731 



Wrfl-I + ^1 - V + 2 (.,n(KerP)) = {±1}) . 



iSiX, u) < (Cross(A)) = (HCross(A) - ft^ {B{X))) ■ ttKer(I?) + iB{X). 
Therefore, if Ker(i:>) = {!}, 

iSiX,u) < mod(X)|c|(rM^i^ + iT 

\ mod(A) 

+ {-2r/ + 2-^ip {B{X))) ■ ttKer(I?) + iB{X). 

And, if Kcr(D) = {±1}, 

mx,u) < 4mod(X)|c|frM^+^ 



Moreover, 



4mod(X) 2 
+ {-2g' + 2 - ttyp • ttKer(I?) + ^BiX). 



(-2.9' 


+ 2- 


-i^{B{X)))-IKer{D) + iB{X) 




= (-2.9' 


+ 2) 


iKev{D) - J2 (ttKer(i?) - 












= (-2.9' 


+ 2) 


ttKer(Z?)- ^ ^ (e. 


-1) 






tue¥'(S(x)) ze¥'-i(tu) 




= (-25' 


+ 2) 


ttKer(i^)- ^ (e,-l) 












= -2.9 + 


2. 







Here, is of the ramification index oi if at z and the last equation is the Riemann- 
Hurwitz formula. Since we can take all A 



( : 2 ) e T{X, u) with c 7^ 0, we 



obtain the claim. □ 

Remark. Proposition 17.41 is useful to estimate the number of holomorphic sections 
if we construct an example of flat surface with a simple Jenkins-Strebel direction. To 
estimate the number of holomorphic sections, we only need estimating (JKer(Z?) and 
finding some element A e T{X, u) with c ^ 0. It is easy to see that [a;+l] < 4[|+i] 
for all X e M. Hence, the inequality 

^S{X, u) < 4mod(X)co \ '-^^ + ^^-2g + 2 

always holds. Moreover, we have the following two lemmas. 

Assume that = is a simple Jenkins-Strebel direction. We can estimate 
jJKer(D) by the following way. Let 9'{y^ 0) be a Jenkins-Strebel direction. Then 
the rectangle R is decomposed into finitely many parallelograms Ri,R2, - ■ ■ , -Rfc by 
the ^'-direction saddle connections. We label the parallelograms with respect to the 
rule that if Ri and Rj belong the same or congruent cylinders of Jenkins-Strebel 
direction 9', then their labels are same. Assume that the labels which we use are 
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ai, a2, • • • ,ai. Let a be the word in the free group (ai, 02, • • • , a;) which is obtained 
by reading the labels from left to right on R. We set 

n = max{n G N : a = 6" for some G (ai,a2, ■ ■ • jO;)}- 
Lemma 7.8. ^sgn^'^{{l}) < n. 

Proof. Let h S s(7n~^({l}) such that sgn~^{{l}) = (/i). Since /i is a translation, if /i 
sends Ri to some then the labels of Ri and Ri+m are always same. This implies 
that a = for some b G (01,02, • • • ,a;). Hence, ttsgn~^({l}) = ^ < n. □ 

Lemma 7.9. //a horizontal closed geodesic is separating curve of X, then 

I 4mod(Jf) "''2 1 - 

Proof. By the assumption, identifications of two horizontal sides of R are inde- 
pendent. If sgn{Ker{D)) = {1} then, since there exists the translation z H> 
z + iK^TDj ^ in Ker(£)), it is easy to see that J ^ e r{X,u). 

By the definition of b^, there exists m G N such that — mb^. Hence, 

4mod'(x)^ + 1 - + ^- By the same argument, if sgn{Kev{D)) = {±1}, then 

^"""^ ^ ^ G r(X, m) and hence, 4!'^"^^ + 1 < 2k + 1 some m G N. □ 



1 



Now we come back to the proof of theorem 17.11 To prove this, we estimate 
^j^, 22g^, 60C0 and ttKer(i?) by g,n,p, and k. Since [( '-°\^''~> )] G 

T{X,u), we have < 1 by the definition of 5o. We set Lq and Li to be 

the unions of all horizontal saddle connections corresponding to lower and upper 
horizontal sides of the rectangle i?, respectively. Let be the number of horizontal 
saddle connections contained in Lq. And let ni be the number of horizontal saddle 
connections contained in Li. We may assume that no > ni. 

Lemma 7.10. The inequality 

ai±lii < 2(3g-3 + n). 
holds. The equality holds if and only if all punctures of X are poles of q of order 1 
and all zeros of q is of order 1 . 

Proof. By considering the Euler characteristic of X, we have 

rhi^ = 2g-2 + ^C{X,u). 

Clearly, ^C{X, u) < 4g - 4 + 2n. And, jlC(X, m) = 4c/ - 4 + 2n if and only if all 
punctures of X are poles of q of order 1 and all zeros of q is of order 1. Hence, we 
obtain the claim. □ 

Lemma 7.11. 

mod(X) J 8(3g-3 + n)2 (sgn(Ker(D)) = {!}) , 

^0 ~ \ 4(3.g -i + nf {sgn{Kci{D)) = {±1}) . 

Proof. Take ft-Ao e Aff+(X,u) such that D{hA^,) = Aq. If sgn(Ker(L>)) = {!}, 
then there exists mo < no + such that fixes Lq pointwise. And there exists 
mi < ni such that h^"™"^ fixes Li pointwise. Then momibo — fc-mod(X) for some 
A: G N. Hence, by lemma [7.101 
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If S5n(Ker(£))) = {±1}, we may assume that hAo{Li) = Li {i = 0, 1). There exists 
JTio ^ '^0 such that fixes Lq pointwise. And there exists mi < ni such that 

An 



^momi fixes Li pointwise. Then momiba — k ■ mod{X) for some fc g N. Hence, 



iS2dp) ^ < ^^^^ < (no+niL < 4(3^ _ 3 ^ ^)2_ 

□ 

Lemma 7.12. 



jJKer(i:>) < 



2(3g-3 + n) (s5n(Kerp)) = {1}) , 
4(3g-3 + n) (s5n(Ker(D)) = {±1}) . 



Proof. Let ft, g sgn ^({1}). Then h{Li) = Li {i ^ 0,1) and there exists m < ni 
such that ft.™ fixes Li pointwise. Since ft is a translation, ft™ = id. Thus, 

Isgn-^{{1}) <m< < 2{3g ~ 3 + n) 

by lemma [7. 101 □ 

Remark. For the flat surface as in example 16. 2[ the equations of lemma 17.101 
and lemma [7321 hold. 

Finally, to estimate 6oCo, we prove a new property of finitely generated Fuchsian 
groups. 

Theorem 7.13. Let T be a Fuchsian group of type {p,k : vi, ■ ■ ■ ^Vk)- Here, Vi G 
{2, • • • ,cxd}. Assume that fco is the number of Vi's which are equal to oo. If T 

and it is not a power of other elements of T, then there exists 



contains 



1 1 

1 



G r such that 

1 < |c| < Area(H/r) -ko + l. 
Here, Area(]HI/r) is the hyperbolic area o/H/F. 
Remark. It is known that 



Area(H/F) = 27r ^2p - 2 + ^(1 - -^-)^ 



if F is a Fuchsian group of type {p, k : vi, ■ ■ ■ ^Vk). See |FK92] . 

Proof. Set A = Area(]HI/F) - fco + 1- Assume that |c| > A or c = for aU 
( " \ ^ e F. Set Fo = { ( d ) e F : c 7^ 0}. We consider the Ford 
region D of F. Here, the Ford region D is defined by 

I? = {zeH: |Re(z)| < 1} n f| 

and 

i^B = {^eH:|z + f|>^}. 
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By the assumption, D contains the region D' = {z £ M : |Rc(z)| < i,Im(z) > -j}. 
Let ui,--- , Ufeo be punctures of H/F. Assume that oo G H corresponds to the 
puncture Vka- There exists the horodisk Ukg around Vk^ which is D' in D. And, by 
lemma 12.181 there exist horodisks Ui around Vi which are disjoint each other and 
their hyperboHc areas are 1 for all i = 1, • • • , fco — 1. Since every domain as figure 
[7] has area tt — 2, we conclude that Ui D Uk„ = 4> for alH = 1, • • • , fco ~ 1- Hence, 

Area(H/r) > / ^ + (yfeg _ i) . i 

Jd' y 

^ A + fco - 1 
= Area(H/r). 

This is a contradiction. □ 













D' 










1 
A 


^ 

2^2 



Figure 6. The region D' contained in the Ford region 13 of F 



Figure 7. A region in H corresponding to a neighborhood of a 
puncture of H/F of area tt — 2 



Remark. Let F be a Fuchsian group of type (p, k : cx), • • • ,oo) with k > 1. We 
suppose that F satisfies the assumptions of theorem 17.131 Take the commutator 
g of ( (, 1 ) , ( c d ) e r. Since tr(Q) = + 2 > 2, theorem [713 m> 
plies that the Riemann surface H/F has a closed geodesic whose length is less 
than 2cosh^^ ^ (27r(2p-2+fc) fc+i) — h 1^ If this geodesic is simple, it has a col- 

2 



lar neighborhood whose width is greater than 2 sinh ^ 
7(p, k) = 27r(2p -2 + k)-k + l. 



where 
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Proof of theorem \7. 1\ If sgn{Ker{D)) — {!}, by proposition l7.4[ lemma lT.lH lemma 
m2l and theorem 031 

tt5(X,M) < 8(3g-3 + n)2Area(H/r(X,w))(6.g-5 + 2n)-2.g + 2 

5 

< 327r(2p - 2 + fc)(35 - 3 + n)^(3g - - + n)-2g + 2. 

And, if sgn{KeT{D)) = {±1}, 

tt5(X,M) < 16(3g-3 + n)2Area(H/r(X,M))(3.g-2 + n)-2.g + 2 

< 327r(2p - 2 + k)(3g - 3 + n)^(3g - 2 + n) - 2g + 2. 

□ 
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